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Nilpotent transformation

Let V be an n-dimensional vector space over a field F.

Definition
A scalar A\ € F is called a characteristic root (or eigen value) of

T e A(V) if T — \l is singular.

That is, if 3 a non-zero vector v € V such that

vl = Av.

v is called characteristic vector of T corresponding to .
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T can be brought to a diagonal form if and only if there exists a

basis for V consists of characteristic vectors of T.

| A

Definition
If A € F is a characteristic root of T then the null space of T — Al is

called eigen space of .

A\

Eigen space of A={ve V :v # 0&vT = Av} = ker(T — Al).

0 is a characteristic root of T if and only if T is not one-one.
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Definition
A linear transformation T € A(V) is called nilpotent if T = 0 for

positive integer k.

(i.e) there exists a positive integer k such that vT* =0 for all v € V.

Definition

The smallest positive integer k such that T = 0 is called nilpotent

index of T.

.., if T is a nilpotent transformation of index m then T™ = 0 but

Tm 1 0. (Note that T* 0 for k < m).
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All characteristic roots of a nilpotent linear transformation are zero. \

Proof: Let T be a nilpotent linear transformation of nilpotent index

m. Then T™ =0 but T™ ! £ 0. Let o be a characteristic root of
T. Thendav=#0in V such that

vl = av.

Claim: a = 0.
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vi=av = vI?=(vI)T = (av)T = a(vT) = a(av) = a®v

Continuing this way, we get

Since T" =0, vI™ =0 and so a™v = 0. Since v # 0,

am™v =0 = o™ =0. This implies that o = 0.
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If T e A(V) is nilpotent and ag # 0 then

ap+ a1 T +axT? 4+ --- + a, Tk is invertible.

Proof:

First we prove that if S is nilpotent and « # 0 then ag + S is
invertible.

Let S € A(V) is nilpotent. Then S™ = 0 for some integer m > 0.
Let ag # 0. Then
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oy Qg of’
S s s3 gm-1
_ /_ ~ _1 m—1
ap * a2 ol ot (1) ag ™t
S s s3 gm-1 sm
~ = - _1 m—2 _1 m—1
b (T e ()
Since S™ = 0 we have
/ S S? gm-1
S)S|— =+ —=5+--- —m =) =
(g + )<a0 043+048+ + (1) a({')
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Similarly, we can show that

/ 2 m—1
( —52+53+---+(—1)"”15a )(ao+5)=l

Oéo Oéo Oéo

Thus (o + S) is invertible.

Given T is nilpotent. Then T" =0and T™ ! # 0
Consider S=aq T + T2+ - +ay Tk

Then S e A(V).
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Now

Sm = (051T+042T2+"'+Oék7—k)m
=T" (a1+a2T+---+akT"_1)m

—0 [T"=0]

Thus S is a nilpotent transformation with $™ = 0.
Then by our discussion as above, g + S is invertible for g # 0.

Hence for ag # 0, g + o T + s T? + -+« + a T¥ is invertible.
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Lemma

fV=VieV,®---@® Vi, where each subspace V; is of dimension n;
and is invariant under T, an element of A(V), then a basis of V can

be found so that the matrix of T in this basis is of the form

AA,. 0 0 ... O
0 A 0 ... O
0 0 A ... O
0 0 0 ... A

where each A; is an n; x n; matrix and is the matrix of the linear

transformation induced by T on V;.
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Proof:

Given V=V ® VoD -- P Vi, where each subspace V; is of
dimension n; and is invariant under T.

Let vi1, vi2, ..., Vi, be a basis of V; (1 < i < k).

Then

{Vlla Vi2,.. ., V1n17 Vo1, Voo, ..., V2n27 vy

Vit, Via, - - - Vin,'7 ceey Vi1, Vik2, oo, Vk”k}

is a basis of V.
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Let T; be the linear transformation induced by T on V; and let A; be
the matrix of T; with respect to the basis vi1, vj2, ..., Vip,.

Since each V; is invariant under T, V;T c V..

Therefore, for each i, v;; T is a linear combination of the vectors

Vi1, Vi2, - - -, Vin, and only of these.

Therefore, matrix of T in the above basis is

AA 0 0 ... O
0 A 0 ... O
0 0 A ... O
0 0 0 ... A
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Theorem
If T e A(V) is nilpotent with index of nilpotence ny then there

always exist subspaces Vi and W invariant under T so that

V=VeW.

Proof: For proving the theorem, first we prove two lemmas:

If T € A(V) is nilpotent with index of nilpotence n; then there always

exists subspace V; of V of dimension n; which is invariant under T.
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Proof of Lemmal: Since T € A(V) is nilpotent with index of

nilpotence n;, we have

T =0

and

Tk£0 forall kwith 0<k<n —1.

Since T™m~1 £ 0, there exists v # 0 in V such that vT™~1 = Q.

Consider the elements v, vT,vT?,...,vT™m 1 of V.
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Claim: v,vT,vT?, ..., vT™ ! are linearly independent.
Let ;v +aovT +...+asvT* 1 +.. . +a,vI™™! =0 where a; € F.

Let o be the first non-zero element in the above equation. Then
asvT* 1+ . + oz,,lvT”I_1 = 0.

= v Has+as 1 T+...+a, T" %) =0

Since T is nilpotent and as # 0, we have

Qs+ sy T + ...+ ap T™ 5 is invertible and so vT* ! = 0.
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Note that s — 1 < ny.

vTs™1 =0 fors < n.

Which is a contradiction to vT™~1 # 0.

Thus a; = 0 for all i and hence v, vT,vT?, ..., vT™ ! are linearly
independent over F.

Let Vi be the space generated by the elements

v,vT,vT?, ... vI™m1L

That is, Vi = Span(v,vT,vT? ... vT™m 1),
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Then dim(Vy) = ;.
It remains to prove V; is invariant under T.

Let ue Vi. Then

u= v+ BovT + - 4 BT

. ul = (ﬁlv + ﬁgVT + -+ 5n1 VTnlil) T
— uT = GvT + BovT? + -+ + B,,l_;lv'l'”l_1 + B vT™

= uT = BvT + BovT?+ - + By qvT ™t since T™ = 0.

Thus uT is also a linear combination of v, vT,vT?,...,vT™ ! over

F and hence uT € V;.

Hence V4 is invariant under T.
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If Vy is subspace of V spanned by v, vT,vT?, ... vT™~! where
T € A(V) is nilpotent with index of nilptence n; and u € V; is such
that

uTm k=0, 0<k<nm

then

u= uoTk

for some ug € V4.
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Proof of lemma2:

Given ue Vi and uTm k=0, 0<k < n.
ue V]_ -

u=av+aovT+. . F+ovT 4oy vTh4-- an,vT™m™t ;e F.

0=uTm*
= (oqv +aovT + ...+ agvTF T + ak+1ka
+-e+ a,,lvT”l_l) Tm=k
= avT™ K papuTm TR rmk

k+n1—k n—14+m—k
+ v T 4 g VT !
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= 0=avT" 4 apvTm k14 4Tl

2m—1—k
+ g vT™ + -+ vT™

Since T is nilpotent of index ny, T™ = 0.

Therefore,

avTm K fapuTm 1l 4 4 avTm =0
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Since vT™m=k ... vT™~! are linearly independent, we get
a; =0,apb=0,---,a, =0.
This implies that
U=y vl 4+ +a,vT™ !

== u= (akﬂv + g, vT”lfk*l) Tk

Take g = 1V + -+ + ap vTMm KL,
Then Up € Vl and u = uoTk_

Hence the lemma.
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Proof of Main Theorem:

Given T is nilpotent with index of nilpotence n;.

Then by Lemma , there always exist a subspace V; of V generated by

v,vT,vT?, ... vTm 1
Let W be the subspace of V of maximal dimension such that
o Vin W ={0}

@ W is invariant under T.
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We have to show that V = V| + W.

Suppose not. (i.e) suppose V # Vi + W,

Then dz € V such that z¢ V; + W.

Since T™ =0, zT™ = 0.

But then there exists an integer k with 0 < k < n; such that
zT e Vi+ W and zT' ¢ V; + W for 0 < i < k.

Let zTK = u+ w, where ue V4, and we W.
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Then zT™m =0 = (zTF)T™ % =0.

— (u+w)T" k=0

= uT"  wTm =0

— uT" = —wTm*
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Since both V4 and W are invariant under T, uT™ % € V; and
wTm—ke W,

Note that V4 n W = {0}.

Therefore, uT™m *k = —wTmk — yTm k=0,

By the lemma 2, u = uy T* for some ug € V;.
SoZTh=u4+w = zTF=uyTF+w.

Take z; = z — wy.

Then z;TX = (z — wp) Tk =w and so 21 Tk e W.
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Further W is invariant under T impies that zz T™ € W for all m > k.
Fori<k, nnT'=zT" —uyT".

Since zT' ¢ V, + W, we have z; T' ¢ W.

Therefore, zy T ¢ W for i < k.

Let W, be the subspace of V spanned by w,z T,z T2,...,zz TxL.
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Since z; ¢ W, W < W, and dim(W) < dim(W;)
Now z; T € W and W is invariant under T implies that W, is also
invariant under T.

Since W is the maximal subspace of V' with
o Vin W ={0}
e W is invariant under T

we have Vi n W # {0}.
Therefore, there exists an element of the form

Wo+ a1z1+ a0z T+ +aznT1#0in Wy n V4. Here wype W.
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This implies that not all the ay, a,, ..., ax are zero.
Because otherwise wy # 0 be an element in Vi 0 W = {0}. Which is
not possible.

Let as be the first nonzero element. Then
wo +aszi TS H(as+asi1+ ... +a T %) e V.
Since as # 0 and T is nilpotent transformation, we have
as+as1+...+a Tk

is invertible and its inverse R is a polynomial in T.
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Therefore, both V; and W are invariant under T.

Note that from the above, woR + z; T° 1 e ViR < V4 and wyp e W
implies that 7 T te Vi + WR < V4 + W.

Sinces— 1<k, z1T° 1 ¢V, + W, we get a contradiction here.
Therefore, V = V; + W.

Now Vi n W = {0} implies that V = V& W.

Hence the proof.
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Let M, denote the t x t matrix of whose entries are zero except the
super diagonal. All super diagonal entries are 1's.

010 - 00

001 . 00

000 - 00

Mt ==
000 - 01
0 0O 00
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If V1 is a subspace of dimension n; spanned by v; = v,

v =vT,v3=vT2 --- v, = vT™ 1 then in this basis the matrix

of T on Vi is M,,.

1
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If T € A(V) is nilpotent, of index of nilpotence ny, then a basis of V

can befound such that the matrix of T in this basis has the form

where ny = ny

M,
0
0

0

1

0
M,
0

2

0
0
M,

3

0
0
0

M,

..zn anddm(V)y=n=n+m+...+n,.
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Proof:

We prove this theorem in several steps.

Step 1 If T € A(V) is nilpotnet with index of nilpotence n; then
there always exists subspace V; of V of dimension n;
which is invariant under T.
Since T is nilpotent of index of nilpotence n;, T™ = 0 and T"! # 0.
Therefore, v # 0 in V such that vT™ 1 = 0.

We claim that{v, vT,vT?, ... vT™ 1} is linearly independent.
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Let arv+aovT +...+asvT* 1 +.. . +a,vI™ ! =0whereq; € F.
Suppose «; be the first non-zero element in the above equation.
Then

asvTs 4+ oz,,lvT”l’1 = 0.

— v o+ as 1 TH...+a, T" ) =0

Since T is nilpotent and o, # 0, we have

Qs+ asy1 T + ...+ a, T™™5 is invertible and so vT*~! = 0.
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Here vT* ! =0 for s < ny.

Which is a contradiction to vT™~! # 0.

Thus a; = 0 for all i and hence v, vT,vT?, ..., vT™ ! are linearly
independent over F.

Let Vi be the space generated by the elements

v,vT,vT?, ... vI™mL

That is, Vi = Span(v,vT,vT? ... vT™m 1)
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Then dim(Vy) = ;.
We prove that V; is invariant under T.

Let ue Vi. Then

u= v+ BovT + - 4 BT

. ul = (ﬁlv + ﬁgVT + -+ 5n1 VTnlil) T
— uT = GvT + BovT? + -+ + B,,l_;lv'l'”l_1 + B vT™

= uT = BvT + BovT?+ - + By qvT ™t since T™ = 0.

Thus uT is also a linear combination of v, vT,vT?,...,vT™ ! over

F and hence uT € V;.

Hence V4 is invariant under T.
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Step 2: If V; is subspace of V spanned by
v,vT,vT? ... ,vT™ 1 where T € A(V) is nilpotent

with index of nilptence n; and u € V; is such that

uT™m % =0, 0<k<m

then

u=uy Tk

for some uy € V;.
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Proof of Step 2:

Given ue Vi and uTm k=0, 0<k < n.
ue V]_ -

u=av+aovT+. . F+ovT 4oy vTh4-- an,vT™m™t ;e F.

0=uTm*
= (oqv +aovT + ...+ agvTF T + ak+1ka
+-e+ a,,lvT”l_l) Tm=k
= avT™ K papuTm TR rmk

k+n1—k n—14+m—k
+ v T 4 g VT !
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= 0=avT" 4 apvTm k14 4Tl

2m—1—k
+ g vT™ + -+ vT™

Since T is nilpotent of index ny, T™ = 0.

Therefore,

avTm K fapuTm 1l 4 4 avTm =0
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Since vTI™m=k ... vT™~! are linearly independent, we get
a;=0,a0=0,---,a, =0.
This implies that
U= v+ +a,vim!

= U= (Oék+1v + -4 ap, vT”lfk*l) Tk

Take Up = Qgp1V+ -+ Oz,,lvT”l*kfl_

Then uge V4 and u = uy T*.

RB (BMSCW) M304T November 18, 2020 41/75



Step 3: There always exists subspaces V; and W invariant under
T so that
V=VieW.

Given T is nilpotent with index of nilpotence n;.

Then by Step 1, there always exist a subspace V; of V generated by
v,vT,vT?, ... vTm 1

Let W be the subspace of V' of maximal dimension such that

o Vin W ={0}

o W is invariant under T.
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We have to show that V = V| + W.

Suppose not. (i.e) suppose V # Vi + W,

Then dz € V such that z¢ V; + W.

Since T™ =0, zT™ = 0.

But then there exists an integer k with 0 < k < n; such that
zT e Vi+ W and zT' ¢ V; + W for 0 < i < k.

Let zTK = u+ w, where ue V4, and we W.
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Then zT™m =0 = (zTF)T™ % =0.

— (u+w)T" k=0

= uT"  wTm =0

— uT" = —wTm*
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Since both V4 and W are invariant under T, uT™ % € V; and
wTm—ke W,

Note that V4 n W = {0}.

Therefore, uT™m *k = —wTmk — yTm k=0,

By the Step 2, u = ug T* for some uy € V4.

SoZTh=u4+w = zTF=uyTF+w.

Take z; = z — wy.

Then z;TX = (z — wp) Tk =w and so 21 Tk e W.
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Further W is invariant under T impies that zz T™ € W for all m > k.
Fori<k, nnT'=zT" —uyT".

Since zT' ¢ V, + W, we have z; T' ¢ W.

Therefore, zy T ¢ W for i < k.

Let W, be the subspace of V spanned by w,z T,z T2,...,zz TxL.
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Since z; ¢ W, W < W, and dim(W) < dim(W;)
Now z; T € W and W is invariant under T implies that W, is also
invariant under T.

Since W is the maximal subspace of V' with
o Vin W ={0}
e W is invariant under T

we have Vi n W # {0}.
Therefore, there exists an element of the form

Wo+ a1z1+ a0z T+ +aznT1#0in Wy n V4. Here wype W.
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This implies that not all the ay, a,, ..., ax are zero.
Because otherwise wy # 0 be an element in Vi 0 W = {0}. Which is
not possible.

Let as be the first nonzero element. Then
wo +aszi TS H(as+asi1+ ... +a T %) e V.
Since as # 0 and T is nilpotent transformation, we have
as+as1+...+a Tk

is invertible and its inverse R is a polynomial in T.
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Therefore, both V; and W are invariant under T.

Note that from the above, woR + z; T° 1 e ViR < V4 and wyp e W
implies that 7 T te Vi + WR < V4 + W.

Sinces— 1<k, z1T* ¢V, + W, we get a contradiction here.
Therefore, V = V; + W.

Now Vi n W = {0} implies that V = V& W.
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Step 4 Since V = V; @ W where Vi and W are invariant under
T and dimension of V; is ny.

Matrix of T on V; with respect to the basis

i=v,vu=vT,... v, =vI" 1t of Viisan n x m
matrix ~ ~

010 --- 00

001 --- 00

0 0 0 - 0 0

— M,
0 00 - 01
0 00 00
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Using the basis {v1, va, ..., v, } of V4 and any basis of W, we can

find a basis of V' in which the matrix of T is of the form

M, 0
0 A

where A, is the matrix of T,, the linear transformation induced by T

on W.
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Since T™ =0, for some n, < ny, T,? = 0.

Therefore, T, is a nilpotent transfomation on W with index of
nilpotence n,.

Thus by the above argument (Step 1 to 3) we can decompose the
vector space W as Vo, @ W, where V; is of dimension n, and matrix

of T on V,is M,,.
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By continuing this procedure, we can get subspaces Vi, V5, ..., V, of
dimensions ny, ny, ..., n, respectively, each V; is invariant under T

such that
V=VieV,® --aV,

m=nmn=>=...2nanddm(V)=n=n+n+...+n,.

=
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By continuing this procedure, we can get a basis of V' in which the

matrix of T is of the form

M, 0 0 0
0 M, O 0
0o 0 M, 0
o 0 0 .. M,

where np =2 m > ...=2n, anddm(V)=n=n+m+ ...+ n,.
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Definition
Let T € A(V) is nilpotent, of index of nilpotence n;. Then there

exist subspacesVi, V>, ..., V, of dimensions ny, no, ..., n,

respectively, each V; is invariant under T such that

V=VieV,o---dV,

m=n=>...2n and dm(V)=n=n+n+...+ n,. These

integers ny, no, ..., ny are called invariants of T.
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If T e A(V) is nilpotent, the subspace M of V/, of dimension m,

which is invariant under T, is called cyclic with respect to T if
@ MT™ = {0} and MT™ ! = {0}.
@ There is an element z € M such that z, zT,zT?,...,zT™!

form a basis of M.

Condition 1 is actually implied by condition 2.

RB (BMSCW) M304T November 18, 2020 56 /75



If M of dimension m is cyclic with respect to T, then the dimension

of MT* is m— k for all k < m.

Proof: Since M is cyclic with respect to T, there exists an element
z€ M such that z, zT,zT?,...,zT™ ! form a basis of M.

By taking the image of any basis of M under T*, we can get a basis
of MTk.

Therefore, the image of z,zT,zT2,...,zT™ ! under T gives a
basis zT <1, zT**2 .. zT™ ! of MT* for k < m. Since this basis

has m — k elements dimension of MT* is m — k for all k < m.
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If T is nilpotent then by the above theorem we can find integers
ng = ny = --- = n, and subspaces Vi, V,,..., V, of V which are

invariant under T of dimensions ny, n,, - - - , n, respectively such that

V=VieWV,eo --aV,

These subspaces Vi, V5, ..., V, are cyclic with respect to T.
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Therefore, if T is nilpotent then we can find integers
ny = ny = --- = n, and subspaces Vi, Vs, ..., V, of V cyclic with

respect to T of dimensions ny, no, - - , n, respectively such that

V=VvieV,®d---dV,
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If T e A(V) is a nilpotent then the invariants of T are unique.

Proof: Let if possible there are two sets of invariants ny, ny,--- , n,
and my, mp, -+ ,mg of T.

ThenV=ViaV,®---®V,and V=U P U D---P Us where
each V; and U; are cyclic subspaces of V' of dimension n; and m;

respectively.

Now we show that r = s and n; = m;.
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Suppose that k be the first integer such that n, # my.
(ie.,) np = my,np = my---ng_1 = me_1 and n, # my.
Without loss of generality, suppose that n, > mj.

Consider

T™(V)=T™ (V)@ T™(Vo)@®---®T™(V,)

and

dim(T™(V)) = dim(T™ (V1) @ T™ (Vo) @ --- @ T™(V,)).

By the above Lemma, dim(T™(V;)) = n; — m.
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Therefore,

dim(T™(V)) > (nm —mg) + (np— my) + -+ (mey — my) - (1)

Similarly

T (V) = T™(U) @ T™(Up) @ - ® T™(Uy)

and

dim(T™ (V) = dim(T™(U) @ T™(Us) @ - - - ® T™(U,)).
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dim(T™ (V) = dim(T™(Uy)) + dim(T™(Us)) +- - -+ dim( T™ (Us))

As m; < my for j = k, we have T™(U;) = {0}.
Therefore, dim(T™<(U;)) = 0 for j > k.

Hence,

dlm(ka(V)) = (m1 — mk) + (m2 — mk) + -+ (mk,;[ — mk) (2)
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Since ny = my,np = my---nk_1 = my_1, (2) becomes
dim(T™(V)) = (ng — my) + (no— my) + -+ - + (ne_1 — my).

Which is contradicting (1). Hence n; = m;.
Further, ny + ny + -+ n, = dim(V) = my + my + - - + mg and
nj=m;foralli. = r=s.

Hence the proof.
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Matrix analogous

Ifny=>n>--->=nyand my = my > --- = ms then the matrices
(M, 0 0 |
A 0 M, 0
| 0 0 M,,,_
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and

My 0 0
0 M, 0
B =
0 0 - M,
are similar only if r=sand ny = my,my =my,--- . n, = m,.

If the invariants are different then the matrices A and B are not

similar.
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Two Nilpotent linear transformations are similar if and only if they

have the same invariants.

Proof: Suppose S and T are similar. i.e., there exists a regular
mapping A such that A= TA=S

Let ny, no, ... n, be the invariants of S and my, m», ... mg are that of

T.
Then V = V1<—BV2<—B(—BV,. and V = U1<—BU2<—B@US where
each V; and U; are cyclic and invariant subspace of V' of dimension n;

and m; respectively.
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As S(V)) c V;,
(ATAN(V) € Vi = (ATTA(V) < Vi

Put A(V;) = U; (since A is regular).
Therefore dim(V;) = dim(U;) = n;.
Further, T(U;) = TA(V;) = AS(V))
As S(V;) c V;, therefore T (U;) < U,.

Equivalently, we have to show that U; is invariant under T.
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Moreover,

V=AV)=AW)GAV)@® - @A\V,)=Ui@U,® - ® U

By the above theorem, the invariants of Nilpotent transformations
are unique. Therefore n; = m; and r = s.
Conversely, Suppose that two Nilpotent transformations S and T

have same invariants.

Then there exists two bases say {vq,va, -+, v,} and {uy, ts,- - , u,}
of V such that the matrix of S under {vi, v5,--- ,v,} is equal to the
matrix of T under {uy, up, -+, up,}.
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Let it be

M, 0 0
0 M, 0

m(S) =m(T) = _
0 0 M.,

where m(S) = (o) and m(T) = (5;).
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Define a linear transformation A: V — V by A(v;) = u;.

(AT TA)(v) = (AT TA(v)

Thus A”'TA=S. (i.e) S and T are similar. Hence the proof.
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Remark

The invariants of T determine a partition of n = dim(V). Conversely
any partition of n such that ny = n, > --- , n, and

n=ny+ ny+ ---+ n, determines the invariants of the nilpotent

linear transformation.
Thus the number of distinct similarity classes of nilpotent n x n

matrices is precisely p(n), the number of partitions of n
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Example

Let
011

T'=10 0 0|€hFs
00O
act on F®) with the basis u; = (1,0,0), u, = (0,1,0), u3 = (0,0,1).

Let vi = u1,vo = 1y T = ur + u3, v3 = u3 be another basis of F;.
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Then

wl=uT =v=0v.1lwv+0.y
V2T = U2T + U3T = O.Vl +O.V2 + 0.V3

Tl =wuT =0.vi+0.v,+0.v3

Matrix of T in this basis vy, v», v3 is

0 1/0
M=110 0|0
0 0/0
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The invariants of T are 2, 1.

If A is the matrix of change of basis then

1 00
A=10 11

0 01
010

Note that M = ATA™' = |0 0 0
0 0O
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