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Nilpotent transformation

Let V be an n-dimensional vector space over a field F .

Definition
A scalar λ P F is called a characteristic root (or eigen value) of

T P ApV q if T � λI is singular.

That is, if D a non-zero vector v P V such that

vT � λv .

v is called characteristic vector of T corresponding to λ.
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Note
T can be brought to a diagonal form if and only if there exists a

basis for V consists of characteristic vectors of T .

Definition
If λ P F is a characteristic root of T then the null space of T � λI is

called eigen space of λ.

Eigen space of λ=tv P V : v � 0&vT � λvu � kerpT � λIq.

Remark
0 is a characteristic root of T if and only if T is not one-one.
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Definition
A linear transformation T P ApV q is called nilpotent if T k � 0 for

positive integer k .

(i.e) there exists a positive integer k such that vT k � 0 for all v P V .

Definition
The smallest positive integer k such that T k � 0 is called nilpotent

index of T .

6, if T is a nilpotent transformation of index m then T m � 0 but

T m�1 � 0. (Note that T k � 0 for k   m).
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Result
All characteristic roots of a nilpotent linear transformation are zero.

Proof: Let T be a nilpotent linear transformation of nilpotent index

m. Then T m � 0 but T m�1 � 0. Let α be a characteristic root of

T . Then D a v � 0 in V such that

vT � αv .

Claim: α � 0.
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vT � αv ùñ vT 2 � pvT qT � pαvqT � αpvT q � αpαvq � α2v .

Continuing this way, we get

vT 3 � α3v , � � � , vT m � αmv .

Since T m � 0, vT m � 0 and so αmv � 0. Since v � 0,

αmv � 0 ùñ αm � 0. This implies that α � 0.
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Result
If T P ApV q is nilpotent and α0 � 0 then

α0 � α1T � α2T 2 � � � � � αkT k is invertible.

Proof:

First we prove that if S is nilpotent and α � 0 then α0 � S is

invertible.

Let S P ApV q is nilpotent. Then Sm � 0 for some integer m ¡ 0.

Let α0 � 0. Then
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Similarly, we can show that
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pα0 � Sq � I

Thus pα0 � Sq is invertible.

Given T is nilpotent. Then T m � 0 and T m�1 � 0

Consider S � α1T � α2T 2 � � � � � αkT k

Then S P ApV q.
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Now

Sm �
�
α1T � α2T 2 � � � � � αkT k�m

� T m �α1 � α2T � � � � � αkT k�1�m

� 0 r7 T m � 0s

Thus S is a nilpotent transformation with Sm � 0.

Then by our discussion as above, α0 � S is invertible for α0 � 0.

Hence for α0 � 0, α0 � α1T � α2T 2 � � � � � αkT k is invertible.
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Lemma
If V � V1 `V2 ` � � � `Vk , where each subspace Vi is of dimension ni

and is invariant under T , an element of ApV q, then a basis of V can

be found so that the matrix of T in this basis is of the form
�
����������

A1 0 0 . . . 0

0 A2 0 . . . 0

0 0 A3 . . . 0
... ... ... . . . ...

0 0 0 . . . Ak

�
����������

where each Ai is an ni � ni matrix and is the matrix of the linear

transformation induced by T on Vi .
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Proof:

Given V � V1 ` V2 ` � � � ` Vk , where each subspace Vi is of

dimension ni and is invariant under T .

Let vi1, vi2, . . . , vini be a basis of Vi p1 ¤ i ¤ kq.

Then

tv11, v12, . . . , v1n1 , v21, v22, . . . , v2n2 , . . . ,

vi1, vi2, . . . , vini , . . . , vk1, vk2, . . . , vknku

is a basis of V .
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Let Ti be the linear transformation induced by T on Vi and let Ai be

the matrix of Ti with respect to the basis vi1, vi2, . . . , vini .

Since each Vi is invariant under T , ViT � Vi .

Therefore, for each i , vijT is a linear combination of the vectors

vi1, vi2, . . . , vini and only of these.

Therefore, matrix of T in the above basis is

�
����������

A1 0 0 . . . 0

0 A2 0 . . . 0

0 0 A3 . . . 0
... ... ... . . . ...

0 0 0 . . . Ak

�
����������
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Theorem
If T P ApV q is nilpotent with index of nilpotence n1 then there

always exist subspaces V1 and W invariant under T so that

V � V1 `W .

Proof: For proving the theorem, first we prove two lemmas:

Lemma1
If T P ApV q is nilpotent with index of nilpotence n1 then there always

exists subspace V1 of V of dimension n1 which is invariant under T .
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Proof of Lemma1: Since T P ApV q is nilpotent with index of

nilpotence n1, we have

T n1 � 0

and

T k � 0 for all k with 0   k ¤ n1 � 1.

Since T n1�1 � 0, there exists v � 0 in V such that vT n1�1 � 0.

Consider the elements v , vT , vT 2, . . . , vT n1�1 of V .
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Claim: v , vT , vT 2, . . . , vT n1�1 are linearly independent.

Let α1v �α2vT � . . .�αsvT s�1� . . .�αn1vT n1�1 � 0 where αi P F .

Let αs be the first non-zero element in the above equation. Then

αsvT s�1 � . . .� αn1vT n1�1 � 0.

ùñ vT s�1pαs � αs�1T � . . .� αn1T n1�sq � 0

Since T is nilpotent and αs � 0, we have

αs � αs�1T � . . .� αn1T n1�s is invertible and so vT s�1 � 0.
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Note that s � 1   n1.

vT s�1 � 0 for s   n1.

Which is a contradiction to vT n1�1 � 0.

Thus αi � 0 for all i and hence v , vT , vT 2, . . . , vT n1�1 are linearly

independent over F .

Let V1 be the space generated by the elements

v , vT , vT 2, . . . , vT n1�1.

That is, V1 � Spanpv , vT , vT 2, . . . , vT n1�1q.
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Then dimpV1q � n1.

It remains to prove V1 is invariant under T .

Let u P V1. Then

u � β1v � β2vT � � � � � βn1vT n1�1.

6, uT � pβ1v � β2vT � � � � � βn1vT n1�1qT

ùñ uT � β1vT � β2vT 2 � � � � � βn1�1vT n1�1 � βn1vT n1

ùñ uT � β1vT � β2vT 2 � � � � � βn1�1vT n1�1 since T n1 � 0.

Thus uT is also a linear combination of v , vT , vT 2, . . . , vT n1�1 over

F and hence uT P V1.

Hence V1 is invariant under T .
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Lemma2
If V1 is subspace of V spanned by v , vT , vT 2, . . . , vT n1�1 where

T P ApV q is nilpotent with index of nilptence n1 and u P V1 is such

that

uT n1�k � 0, 0   k   n1

then

u � u0T k

for some u0 P V1.
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Proof of lemma2:

Given u P V1 and uT n1�k � 0, 0   k   n1.

u P V1 ùñ

u � α1v�α2vT�. . .�αkvT k�1�αk�1vT k�� � ��αn1vT n1�1, αi P F .

0 � uT n1�k

�
�
α1v � α2vT � . . .� αkvT k�1 � αk�1vT k

� � � � � αn1vT n1�1�T n1�k

� α1vT n1�k � α2vT n1�k�1 � . . .� αkvT k�1�n1�k

� αk�1vT k�n1�k � � � � � αn1vT n1�1�n1�k
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ùñ 0 � α1vT n1�k � α2vT n1�k�1 � . . .� αkvT n1�1

� αk�1vT n1 � � � � � αn1vT 2n1�1�k

Since T is nilpotent of index n1, T n1 � 0.

Therefore,

α1vT n1�k � α2vT n1�k�1 � . . .� αkvT n1�1 � 0
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Since vT n1�k , � � � , vT n1�1 are linearly independent, we get

α1 � 0, α2 � 0, � � � , αk � 0.

This implies that

u � αk�1vT k � � � � � αn1vT n1�1

ùñ u �
�
αk�1v � � � � � αn1vT n1�k�1�T k

Take u0 � αk�1v � � � � � αn1vT n1�k�1.

Then u0 P V1 and u � u0T k .

Hence the lemma.
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Proof of Main Theorem:

Given T is nilpotent with index of nilpotence n1.

Then by Lemma , there always exist a subspace V1 of V generated by

v , vT , vT 2, � � � , vT n1�1.

Let W be the subspace of V of maximal dimension such that

V1 XW � t0u

W is invariant under T .
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We have to show that V � V1 �W .

Suppose not. (i.e) suppose V � V1 �W .

Then Dz P V such that z R V1 �W .

Since T n1 � 0, zT n1 � 0.

But then there exists an integer k with 0   k ¤ n1 such that

zT k P V1 �W and zT i R V1 �W for 0   i   k .

Let zT k � u � w , where u P V1 and w P W .
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Then zT n1 � 0 ùñ pzT kqT n1�k � 0.

ùñ pu � wqT n1�k � 0

ùñ uT n1�k � wT n1�k � 0

ùñ uT n1�k � �wT n1�k
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Since both V1 and W are invariant under T , uT n1�k P V1 and

wT n1�k P W .

Note that V1 XW � t0u.

Therefore, uT n1�k � �wT n1�k ùñ uT n1�k � 0.

By the lemma 2, u � u0T k for some u0 P V1.

6, zT k � u � w ùñ zT k � u0T k � w .

Take z1 � z � u0.

Then z1T k � pz � u0qT k � w and so z1T k P W .
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Further W is invariant under T impies that z1T m P W for all m ¥ k .

For i   k , z1T i � zT i � u0T i .

Since zT i R V1 �W , we have z1T i R W .

Therefore, z1T i R W for i   k .

Let W1 be the subspace of V spanned by w , z1T , z1T 2, . . . , z1T k�1.
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Since z1 R W , W � W1 and dimpW q   dimpW1q

Now z1T k P W and W is invariant under T implies that W1 is also

invariant under T .

Since W is the maximal subspace of V with

V1 XW � t0u

W is invariant under T

we have V1 XW1 � t0u.

Therefore, there exists an element of the form

w0 � a1z1 � a2z1T � � � � � akz1T k�1 � 0 in W1 X V1. Here w0 P W .
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This implies that not all the a1, a2, . . . , ak are zero.

Because otherwise w0 � 0 be an element in V1 XW � t0u. Which is

not possible.

Let as be the first nonzero element. Then

w0 � asz1T s�1pas � as�1 � . . .� akT k�sq P V1.

Since as � 0 and T is nilpotent transformation, we have

as � as�1 � . . .� akT k�s

is invertible and its inverse R is a polynomial in T .
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Therefore, both V1 and W are invariant under T .

Note that from the above, w0R � z1T s�1 P V1R � V1 and w0 P W

implies that z1T s�1 P V1 �WR � V1 �W .

Since s � 1   k , z1T s�1 R V1 �W , we get a contradiction here.

Therefore, V � V1 �W .

Now V1 XW � t0u implies that V � V `W .

Hence the proof.
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Notation
Let Mt denote the t � t matrix of whose entries are zero except the

super diagonal. All super diagonal entries are 1’s.

Mt �

�
�������������

0 1 0 � � � 0 0

0 0 1 � � � 0 0

0 0 0 � � � 0 0
... . . . ... ...

0 0 0 � � � 0 1

0 0 0 � � � 0 0

�
�������������

RB (BMSCW) M304T November 18, 2020 31 / 75



Remark
If V1 is a subspace of dimension n1 spanned by v1 � v ,

v2 � vT , v3 � vT 2, � � � , vn1 � vT n1�1, then in this basis the matrix

of T on V1 is Mn1 .
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Theorem
If T P ApV q is nilpotent, of index of nilpotence n1, then a basis of V

can befound such that the matrix of T in this basis has the form
�
����������

Mn1 0 0 . . . 0

0 Mn2 0 . . . 0

0 0 Mn3 . . . 0
... ... ... . . . ...

0 0 0 . . . Mnr

�
����������

where n1 ¥ n2 ¥ . . . ¥ nr and dimpV q � n � n1 � n2 � . . .� nr .
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Proof:

We prove this theorem in several steps.

Step 1 If T P ApV q is nilpotnet with index of nilpotence n1 then

there always exists subspace V1 of V of dimension n1

which is invariant under T .

Since T is nilpotent of index of nilpotence n1, T n1 � 0 and T n�1 � 0.

Therefore, Dv � 0 in V such that vT n1�1 � 0.

We claim thattv , vT , vT 2, . . . , vT n1�1u is linearly independent.
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Let α1v �α2vT � . . .�αsvT s�1� . . .�αn1vT n1�1 � 0 where αi P F .

Suppose αs be the first non-zero element in the above equation.

Then

αsvT s�1 � . . .� αn1vT n1�1 � 0.

ùñ vT s�1pαs � αs�1T � . . .� αn1T n1�sq � 0

Since T is nilpotent and αs � 0, we have

αs � αs�1T � . . .� αn1T n1�s is invertible and so vT s�1 � 0.
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Here vT s�1 � 0 for s   n1.

Which is a contradiction to vT n1�1 � 0.

Thus αi � 0 for all i and hence v , vT , vT 2, . . . , vT n1�1 are linearly

independent over F .

Let V1 be the space generated by the elements

v , vT , vT 2, . . . , vT n1�1.

That is, V1 � Spanpv , vT , vT 2, . . . , vT n1�1q.
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Then dimpV1q � n1.

We prove that V1 is invariant under T .

Let u P V1. Then

u � β1v � β2vT � � � � � βn1vT n1�1.

6, uT � pβ1v � β2vT � � � � � βn1vT n1�1qT

ùñ uT � β1vT � β2vT 2 � � � � � βn1�1vT n1�1 � βn1vT n1

ùñ uT � β1vT � β2vT 2 � � � � � βn1�1vT n1�1 since T n1 � 0.

Thus uT is also a linear combination of v , vT , vT 2, . . . , vT n1�1 over

F and hence uT P V1.

Hence V1 is invariant under T .
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Step 2: If V1 is subspace of V spanned by

v , vT , vT 2, . . . , vT n1�1 where T P ApV q is nilpotent

with index of nilptence n1 and u P V1 is such that

uT n1�k � 0, 0   k   n1

then

u � u0T k

for some u0 P V1.
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Proof of Step 2:

Given u P V1 and uT n1�k � 0, 0   k   n1.

u P V1 ùñ

u � α1v�α2vT�. . .�αkvT k�1�αk�1vT k�� � ��αn1vT n1�1, αi P F .

0 � uT n1�k

�
�
α1v � α2vT � . . .� αkvT k�1 � αk�1vT k

� � � � � αn1vT n1�1�T n1�k

� α1vT n1�k � α2vT n1�k�1 � . . .� αkvT k�1�n1�k

� αk�1vT k�n1�k � � � � � αn1vT n1�1�n1�k
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ùñ 0 � α1vT n1�k � α2vT n1�k�1 � . . .� αkvT n1�1

� αk�1vT n1 � � � � � αn1vT 2n1�1�k

Since T is nilpotent of index n1, T n1 � 0.

Therefore,

α1vT n1�k � α2vT n1�k�1 � . . .� αkvT n1�1 � 0

RB (BMSCW) M304T November 18, 2020 40 / 75



Since vT n1�k , � � � , vT n1�1 are linearly independent, we get

α1 � 0, α2 � 0, � � � , αk � 0.

This implies that

u � αk�1vT k � � � � � αn1vT n1�1

ùñ u �
�
αk�1v � � � � � αn1vT n1�k�1�T k

Take u0 � αk�1v � � � � � αn1vT n1�k�1.

Then u0 P V1 and u � u0T k .
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Step 3: There always exists subspaces V1 and W invariant under

T so that

V � V1 `W .

Given T is nilpotent with index of nilpotence n1.

Then by Step 1 , there always exist a subspace V1 of V generated by

v , vT , vT 2, � � � , vT n1�1.

Let W be the subspace of V of maximal dimension such that

V1 XW � t0u

W is invariant under T .
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We have to show that V � V1 �W .

Suppose not. (i.e) suppose V � V1 �W .

Then Dz P V such that z R V1 �W .

Since T n1 � 0, zT n1 � 0.

But then there exists an integer k with 0   k ¤ n1 such that

zT k P V1 �W and zT i R V1 �W for 0   i   k .

Let zT k � u � w , where u P V1 and w P W .
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Then zT n1 � 0 ùñ pzT kqT n1�k � 0.

ùñ pu � wqT n1�k � 0

ùñ uT n1�k � wT n1�k � 0

ùñ uT n1�k � �wT n1�k
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Since both V1 and W are invariant under T , uT n1�k P V1 and

wT n1�k P W .

Note that V1 XW � t0u.

Therefore, uT n1�k � �wT n1�k ùñ uT n1�k � 0.

By the Step 2, u � u0T k for some u0 P V1.

6, zT k � u � w ùñ zT k � u0T k � w .

Take z1 � z � u0.

Then z1T k � pz � u0qT k � w and so z1T k P W .
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Further W is invariant under T impies that z1T m P W for all m ¥ k .

For i   k , z1T i � zT i � u0T i .

Since zT i R V1 �W , we have z1T i R W .

Therefore, z1T i R W for i   k .

Let W1 be the subspace of V spanned by w , z1T , z1T 2, . . . , z1T k�1.
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Since z1 R W , W � W1 and dimpW q   dimpW1q

Now z1T k P W and W is invariant under T implies that W1 is also

invariant under T .

Since W is the maximal subspace of V with

V1 XW � t0u

W is invariant under T

we have V1 XW1 � t0u.

Therefore, there exists an element of the form

w0 � a1z1 � a2z1T � � � � � akz1T k�1 � 0 in W1 X V1. Here w0 P W .
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This implies that not all the a1, a2, . . . , ak are zero.

Because otherwise w0 � 0 be an element in V1 XW � t0u. Which is

not possible.

Let as be the first nonzero element. Then

w0 � asz1T s�1pas � as�1 � . . .� akT k�sq P V1.

Since as � 0 and T is nilpotent transformation, we have

as � as�1 � . . .� akT k�s

is invertible and its inverse R is a polynomial in T .
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Therefore, both V1 and W are invariant under T .

Note that from the above, w0R � z1T s�1 P V1R � V1 and w0 P W

implies that z1T s�1 P V1 �WR � V1 �W .

Since s � 1   k , z1T s�1 R V1 �W , we get a contradiction here.

Therefore, V � V1 �W .

Now V1 XW � t0u implies that V � V `W .
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Step 4 Since V � V1 `W where V1 and W are invariant under

T and dimension of V1 is n1.

Matrix of T on V1 with respect to the basis

tv1 � v , v2 � vT , . . . , vn1 � vT n1�1u of V1 is an n1 � n1

matrix �
�������������

0 1 0 � � � 0 0

0 0 1 � � � 0 0

0 0 0 � � � 0 0
... . . . ...

0 0 0 � � � 0 1

0 0 0 � � � 0 0

�
�������������
� Mn1
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Using the basis tv1, v2, . . . , vn1u of V1 and any basis of W , we can

find a basis of V in which the matrix of T is of the form
�
�Mn1 0

0 A2

�
�

where A2 is the matrix of T2, the linear transformation induced by T

on W .

RB (BMSCW) M304T November 18, 2020 51 / 75



Since T n1 � 0, for some n2 ¤ n1, T n2
2 � 0.

Therefore, T2 is a nilpotent transfomation on W with index of

nilpotence n2.

Thus by the above argument (Step 1 to 3) we can decompose the

vector space W as V2 `W1 where V2 is of dimension n2 and matrix

of T on V2 is Mn2 .
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By continuing this procedure, we can get subspaces V1,V2, . . . ,Vr of

dimensions n1, n2, . . . , nr respectively, each Vi is invariant under T

such that

V � V1 ` V2 ` � � � ` Vr ,

n1 ¥ n2 ¥ . . . ¥ nr and dimpV q � n � n1 � n2 � . . .� nr .
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By continuing this procedure, we can get a basis of V in which the

matrix of T is of the form
�
����������

Mn1 0 0 . . . 0

0 Mn2 0 . . . 0

0 0 Mn3 . . . 0
... ... ... . . . ...

0 0 0 . . . Mnr

�
����������

where n1 ¥ n2 ¥ . . . ¥ nr and dimpV q � n � n1 � n2 � . . .� nr .
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Definition
Let T P ApV q is nilpotent, of index of nilpotence n1. Then there

exist subspacesV1,V2, . . . ,Vr of dimensions n1, n2, . . . , nr

respectively, each Vi is invariant under T such that

V � V1 ` V2 ` � � � ` Vr ,

n1 ¥ n2 ¥ . . . ¥ nr and dimpV q � n � n1 � n2 � . . .� nr . These

integers n1, n2, . . . , nk are called invariants of T .
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Definition
If T P ApV q is nilpotent, the subspace M of V , of dimension m,

which is invariant under T , is called cyclic with respect to T if

1 MT m � t0u and MT m�1 � t0u.

2 There is an element z P M such that z , zT , zT 2, . . . , zT m�1

form a basis of M.

Note
Condition 1 is actually implied by condition 2.
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Lemma
If M of dimension m is cyclic with respect to T , then the dimension

of MT k is m � k for all k ¤ m.

Proof: Since M is cyclic with respect to T , there exists an element

z P M such that z , zT , zT 2, . . . , zT m�1 form a basis of M.

By taking the image of any basis of M under T k , we can get a basis

of MT k .

Therefore, the image of z , zT , zT 2, . . . , zT m�1 under T k gives a

basis zT k�1, zT k�2, . . . , zT m�1 of MT k for k ¤ m. Since this basis

has m � k elements dimension of MT k is m � k for all k ¤ m.
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Note
If T is nilpotent then by the above theorem we can find integers

n1 ¥ n2 ¥ � � � ¥ nr and subspaces V1,V2, . . . ,Vr of V which are

invariant under T of dimensions n1, n2, � � � , nr respectively such that

V � V1 ` V2 ` � � � ` Vr

These subspaces V1,V2, . . . ,Vr are cyclic with respect to T .
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Therefore, if T is nilpotent then we can find integers

n1 ¥ n2 ¥ � � � ¥ nr and subspaces V1,V2, . . . ,Vr of V cyclic with

respect to T of dimensions n1, n2, � � � , nr respectively such that

V � V1 ` V2 ` � � � ` Vr

RB (BMSCW) M304T November 18, 2020 59 / 75



Theorem
If T P ApV q is a nilpotent then the invariants of T are unique.

Proof: Let if possible there are two sets of invariants n1, n2, � � � , nr

and m1,m2, � � � ,ms of T .

Then V � V1 ` V2 ` � � � ` Vr and V � U1 ` U2 ` � � � ` US where

each Vi and Ui are cyclic subspaces of V of dimension ni and mi

respectively.

Now we show that r � s and ni � mi .
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Suppose that k be the first integer such that nk � mk .

(ie.,) n1 � m1, n2 � m2 � � � nk�1 � mk�1 and nk � mk .

Without loss of generality, suppose that nk ¡ mk .

Consider

T mk pV q � T mk pV1q ` T mk pV2q ` � � � ` T mk pVrq

and

dimpT mk pV qq � dimpT mk pV1q ` T mk pV2q ` � � � ` T mk pVrqq.

By the above Lemma, dimpT mk pViqq � ni �mk .
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Therefore,

dimpT mk pV qq ¡ pn1 �mkq � pn2 �mkq � � � � � pnk�1 �mkq (1)

Similarly

T mk pV q � T mk pU1q ` T mk pU2q ` � � � ` T mk pUsq

and

dimpT mk pV qq � dimpT mk pU1q ` T mk pU2q ` � � � ` T mk pUsqq.
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ùñ

dimpT mk pV qq � dimpT mk pU1qq�dimpT mk pU2qq�� � ��dimpT mk pUsqq

As mj ¤ mk for j ¥ k , we have T mk pUjq � t0u.

Therefore, dimpT mk pUjqq � 0 for j ¥ k .

Hence,

dimpT mk pV qq � pm1 �mkq � pm2 �mkq � � � � � pmk�1 �mkq (2)
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Since n1 � m1, n2 � m2 � � � nk�1 � mk�1, (2) becomes

dimpT mk pV qq � pn1 �mkq � pn2 �mkq � � � � � pnk�1 �mkq.

Which is contradicting (1). Hence ni � mi .

Further, n1 � n2 � � � � � nr � dimpV q � m1 �m2 � � � � �ms and

ni � mi for all i . ùñ r � s.

Hence the proof.
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Matrix analogous

If n1 ¥ n2 ¥ � � � ¥ n2 and m1 ¥ m2 ¥ � � � ¥ ms then the matrices

A �

�
�������

Mn1 0 � � � 0

0 Mn2 � � � 0
... ... . . . ...

0 0 � � � Mnr

�
�������
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and

B �

�
�������

Mm1 0 � � � 0

0 Mm2 � � � 0
... ... . . . ...

0 0 � � � Mms

�
�������

are similar only if r � s and n1 � m1, n2 � m2, � � � , nr � mr .

Note
If the invariants are different then the matrices A and B are not

similar.
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Theorem
Two Nilpotent linear transformations are similar if and only if they

have the same invariants.

Proof: Suppose S and T are similar. i.e., there exists a regular

mapping A such that A�1TA � S

Let n1, n2, . . . nr be the invariants of S and m1,m2, . . .ms are that of

T .

Then V � V1 ` V2 ` � � � ` Vr and V � U1 ` U2 ` � � � ` Us where

each Vi and Ui are cyclic and invariant subspace of V of dimension ni

and mi respectively.
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As SpViq � Vi ,

pA�1TAqpViq � Vi ñ pA�1T qApViq � Vi .

Put ApViq � Ui (since A is regular).

Therefore dimpViq � dimpUiq � ni .

Further, T pUiq � TApViq � ASpViq

As SpViq � Vi , therefore T pUiq � Ui .

Equivalently, we have to show that Ui is invariant under T .
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Moreover,

V � ApV q � ApV1q ` ApV2q ` � � � ` ApVrq � U1 ` U2 ` � � � ` Us .

By the above theorem, the invariants of Nilpotent transformations

are unique. Therefore ni � mi and r � s.

Conversely, Suppose that two Nilpotent transformations S and T

have same invariants.

Then there exists two bases say tv1, v2, � � � , vnu and tu1, u2, � � � , unu

of V such that the matrix of S under tv1, v2, � � � , vnu is equal to the

matrix of T under tu1, u2, � � � , unu.
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Let it be

mpSq � mpT q �

�
�������

Mn1 0 � � � 0

0 Mn2 � � � 0
... ... . . . ...

0 0 � � � Mnr

�
������


where mpSq � pαijq and mpT q � pβijq.
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Define a linear transformation A : V Ñ V by Apviq � ui .

pA�1TAqpviq � pA�1T qApviq

� A�1T puiq

� A�1

�
ņ

j�1
αijuj

�

�
ņ

j�1
αijA�1pujq

�
ņ

j�1
αijvj � Spviq.

Thus A�1TA � S. (i.e) S and T are similar. Hence the proof.
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Remark

The invariants of T determine a partition of n � dimpV q. Conversely

any partition of n such that n1 ¥ n2 ¥ � � � , nr and

n � n1 � n2 � � � � � nr determines the invariants of the nilpotent

linear transformation.

Thus the number of distinct similarity classes of nilpotent n � n

matrices is precisely ppnq, the number of partitions of n
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Example

Let

T �

�
����

0 1 1

0 0 0

0 0 0

�
���� P F3

act on F p3q with the basis u1 � p1, 0, 0q, u2 � p0, 1, 0q, u3 � p0, 0, 1q.

Let v1 � u1, v2 � u1T � u2 � u3, v3 � u3 be another basis of F3.
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Then

v1T � u1T � v2 � 0.v�1.v2 � 0.v3

v2T � u2T � u3T � 0.v1 � 0.v2 � 0.v3

v3T � u3T � 0.v1 � 0.v2 � 0.v3

Matrix of T in this basis v1, v2, v3 is

M �

�
����

0 1

0 0

0

0

0 0 0

�
���
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The invariants of T are 2, 1.

If A is the matrix of change of basis then

A �

�
����

1 0 0

0 1 1

0 0 1

�
����

Note that M � ATA�1 �

�
����

0 1 0

0 0 0

0 0 0

�
����
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