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Lemma

If W < V is invariant under T, then T induces a linear
transformation T on V/ /W defined by

(v+W)T =vT + W forveV.

If T satisfies a polynomial g(x) in F[x] then so does T.
((i.e) T also satisfies g(x)).

If p1(x) is a minimal polynomial for T over F and p(x) is a minimal

polynomial for T over F, then

pL(x)|p(x).
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Proof:
Let V= V/W.
The elements of V are the cosets v + W of W in V.
Givenve V,v=v+ W for some ve V.
Define T : V — V by
vl =vT + W

forv=v+WeV.

Now we prove that T is a linear transformation on V.
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T is well-defined:

Let vi = w1 + W and v, = v» + W be two elements in

V such that v; = V5.

—unt+tW=wn+W

= v —wneW

= (y — )T e WT < W (- W isinvariant under T)
= vl —wlelW

=yl +W=wT+W

— Vl T = VQT

Thus T is well-defined.
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T is a linear transformation:

Let vi = vy + W and v, = v» + W be two elements in
V. Then

Vi+v)T=wvi+W+wn+W)T
=(v+wvn+WT
=n+w)T+W
=wnT +wT + W(. Tis linear)
=wvl +W+wlT+W

=T +V,T.

Thus T preserves addition.
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Forae FandLetv=v+ WeV,

(V)T = (av + W)T

=(av) T+ W
vTa+ W( . T is linear)
= (vT + W)

=vIa.

Thus T preserves scalar multiplication.

Hence T is a linear transformation on V.
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Now we prove that for any polynomial q(x) € F[x], q(T) = q(T).
Let v=v+ WeV. Then

vTZ=vT>+ W

Therefore,
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Similarly, we can get

Th=(T)"

for any integer k > 0.
Let g(x) = ao + arx + a1x® + ... + axx¥ € F[x]. Then

q(T) = 30+31T+31XT2+...+3ka

> q(T) = 30+317_+31(7_)2+...+3k(:r)k
— q(T)=ay+aT +a1T?+...+aTk

— q(T) = q(T).
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If T satisfies a polynomial g(x) € F[x] then g(T) = 0 implies that

q(T)=q(T)=0=0.

Thus T also satisfies g(x).
Given : p;(x) is the minimal polynomial for T over F and p(x) is the

minimal polynomial for T over F.

Then p;(T) =0and p(T) = 0.
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Since p(T) =0, we have p(T) = 0.
Note that p;(x) is the minimal polynomial for T and p(T) = 0.
Thus 1 (x)[p(x).
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All the characteristic roots of T which lie in F are roots of the

minimal polynomial of T over F.

Therefore, We say that all the characteristic roots of T are in F if all

the roots of the minimal polynomial of T over F lie in F.
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If T e A(V) has all its characteristic roots in F, then there is a basis

of V' in which the matrix of T is triangular.

Proof: We prove this theorem by induction on the dimension of V
over F.

If dim(V) = 1, then every element in A(V) is a scalar, and so the
theorem is true.

Assume that the theorem is true for all vector spaces over F of

dimension n — 1.
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Let V be a vector space of dimension n over F.

Let the linear transformation T on V has all its characteristic roots

in F.
We will prove that there is a basis of V' in which matrix of T is

triangluar.
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Let A\; € F be a characteristic root of T.

Then there exists a nonzero vector v; in V such that
%1 T = /\1 Vi.

Let W = {awv;: a € F}.
Then W is a one-dimensional subspace of V' generated by v;.
Note that WT < W.

Therefore, W is invariant under T.
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Let V = V/W. Then
dim(V) = dim(V) — dim(W) = n — 1.

By the above lemma, the linear transformation T on V induces a

linear transformation T on V defined by

(v+W)T =vT + W

such that the minimal polynomial of T divides the minimal

polynomial of T.
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Given all the characteristic roots of T are in F.

Then all the roots of minimal polynomial for T lie in F.

Thus all the roots of minimal polynomial for T (which are roots of
minimal polynomial of T) lie in F and hence all the characteristic
roots of T also lie in F.

Since dim(V) = n — 1 and the linear transformation T on V has all
its roots in F, by induction hypothesis, there exists a basis

Vo, Vs, -+ ,V, of V over F such that the matrix of T in the basis is

triangular.
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Further

VQT = 042272

VQ T = 043272 + Oé33V3

V,'T = Oé,'sz + Oé,'3V3 + -+ OZ,','V,'

Vo, = apvs + Ap3V3 + -+ appVp
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Since v, e V = V/W,3 v;e Vsuch that v, = v; + W.
Let vy, v3,..., v, be the elements of V mapping into v,,v3, - ,V,
respectively.
claim: vi, v, ..., v, is a basis for V.
Let cyvi + aovo + ... + apv, = 0 where o € F.
Then
W=0+W=(aans + aova + ...+ a,v,) + W

= (v + W)+ ax(vu+W)+...+a,(v, + W) =W

(ie) axVa + ... + a,v, = 0 = W, the zero element of V/W.
( Note that ayv; € W)

RB (BMSCW) M304T October 2020 18 /35



Since Vv, V3, - -, V, form a basis for V over F, we have

a, =0,a3=0,...,a,=0.

Now aivy + aows + ... + a,v, = 0 implies that
a1V = 0

Since v; # 0, we get a; = 0.
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Thus ayvi + asvs + ... + a,v, = 0 implies

a;=0,a0=0,...,a,=0.
Hence vq, v, ..., v, is linearly independent vectors in V.
Since dim(V) = n, vi, va, ..., v, forms a basis for V over F.

Now we prove that in this basis the matrix of T is triangular.
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Since Vo T = aippVa, We have

V2T+ W—O[22<V2+ W) =0

> V2T—Oé22V2 eW

Since the elements of W are scalar multiples of v;, we have
v T —anwn =anv

for some a»; € F.

.‘., V2T = Qp1V1 + Qo Vo
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Similarly,in general, for any i > 2,
V,’T = QppVy + 06/373 + -+ Qi Vi
implies that

V,'T_O[,'QVQ — Qj3V3 — ... — QjjV; € w

— V,'T — QppVo — Qj3V3 — ... — QjiVi = 11

for aj; € F.

— V,'T = Qj1V1 + QjpVo + j3V3 + ... + Qi Vi
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Since W is invariant under T, e W = w»wyT e W

— V1T = X111

Thus vi, vo, ..., v, is a basis of V such that

Vi T = o111

V2T = Qp1V1 + QxVy

V,'T = Qj1V1 + QjppVo + - -+ + Qi V;

Vo T = apiVy + QppVo + -+ + QippVi
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That is, v; T is a linear combination only of v; and its predecessors in
the basis.

Thus the matrix of T in this basis vy, vy, ..., v, is triangular.
Therefore, the theorem is true for any vector space V of dimension n.

Hence the theorem is true for any finite dimensional vector space.
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Above theorem in terms of matrices.

Suppose the matrix A € F, has all its characteristic roots in F. Then

there is a matrix C € F,, such that CAC™! is a triangular matrix.

Proof: Assume the matrix A € F, has all its characteristic roots in F.
Then A defines a linear transformation T in F(" whose matrix in the

basis
vi = (1,0,0,---,0), v, = (0,1,0,---,0),--- ,v, = (0,0,0,--- ,1)

is precisely A.
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Note that the characteristic roots of T are the characteristic root of
A.
Therefore, all the characteristic roots of T are in F.
By the above theorem, there is a basis of F( in which the matrix of
T, m(T) is triangular.
Thus A is a matrix of T in one basis and m(T) is a matrix of T in
another basis.
By change of basis theorem, there exists an invertible matrix C € F,
such that

m(T) = CAC™%,

Thus there exists C € F, such that CAC™! is triangular.
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If a linear transformation T (or a matrix A) is brought to triangular

form over F, then the characteristic roots of T (or A) are the main

diagonal entries on the triangular form.

RB (BMSCW) M304T October 2020 27/35



Caylety Hamilton Theorem

If V is an n— dimensional vector space over F and if T € A(V) has
all its characteristic roots in F, then T satisfies a polynomial of

degree n over F.

Proof: Since T has all its characteristic roots in F, we can find a
basis vi, v», ..., Vv, is a basis of V over F in which matrix of T is

triangular.
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That is, we can find a basis v, v», ..., Vv, of V over F such that

%1 T = a11V1

vl = asvi + axnpv

V,'T = Q11 + QpVo + -+ + Qi V;

Vo T = appVy + oV + - + QippVi

We know that in triangular form, the characteristic roots are the

entries in the main diagonal.
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Let A1, Ap, -+, A, be the characteristic roots of T. Then A\; = a;; for

each i =1 to n.

Therefore, we get

VlT = )\1V1

V2T = Qr1V1 + )\2V2

viT = anvi + apva + - + Qi1 Vi-1 + Aiv;

Vo T = amvi + apva + -+ ap(n—1)v,_1 + A\pv,
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Which implies that

VlT — )\1V1 =0
(i.e)vl(T — )\1) =0
V2(T — )\2) = Q21 V1

Vf(T - )\I) = Qv +Qpvo + -+ Qj(i—1)Vi-1

Vn(T - )\n) = QpiVi + QppVo + - + anl(n - 1)Vn71
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Since vi(T — A1) = 0, we have
V(T =) (T — A1) = apwr (T — A\y) =0.
We know that
(T=2)(T=X2)=(T=X)(T —X\p)
Therefore,

Vl(T—)\2>(T— )\1) = Vl(T— /\1)(T— )\2) =0
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Continuing this procedure, we get for i = 1 to n,

V,'(T—)\,‘)(T—A,‘_l)"'(T—)\l) =0

For i = n, the matrix S = (T — A\,)(T — \,_1) -+ (T — A1) satisfies
nNS=wsS=...=v,5=0.
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Therefore, S annihilates all the vectors in the basis of V and so S
must annihilate all elements of V.

ThatisvS =0forallve V.

= S5 =0.

Let p(x) = (x — A1)(x — A2) -+ - (x — \,) € F[x] be a polynomial of
degree n.

Then p(T) =5 =0.

Thus T satisfies a polynomial of degree n over F.
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Not every linear transformation on V over F has all its characteristic

roots in F.

It depends on the field F.

For example, if F = R, then then minimal polynomial of

0 1
-1 0

over F is x?> + 1 has no roots in F.
So in general we can not assume all characteristic roots of T € A(V)

lie in F.
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