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I Semester M.sc. Degree Examinatio

(CBCS)
MATHEMATICS
M 102 T : Real Analysis

n, January 2016

Time : 3 Hours

Max. Marks - 70

Instructions - 1 ) Answerany five questions.
2) All questions carry equal marks.
'
¥ 41 1. a) Showthat (3% + 1) is Riemann integrable on [1, 2.

. .. b) Provethatfe Rla]on[a, b]if and on|
' P of [a, b] such that UP, f,a) - L(

L C) Iffe Rlo ] on|a, blandf e Rl ,]
on [a, b].

yifgiven e > 0, there exists a partition
=8 o)< g.

on [a, b], then prove that f e Rla+ a o]

b b

2. a) Iff,, f, € R[a] on [, b] and f; < f,, then show that | f1 da <[ foda.- 5

a a

b) Iff(x) is continuous on [a, b] and o
b

[ f. da = f(b)a(b) ~H(@)a(a) - a(g)fby=f(a)], where £ e (a,b). 6

x) be monotonic on [a, b], prove that

c) Give an example of a fungtionf'such that |fle Rla]on]

0, 11and f ¢ R[o) on
[0, 1].

3. a) Iff € R[a, b] and if there exists a function F on [a, b] such that F' =, then
b

prove that | fdx =F(b)-F(a).
b) If fand ¢ a:e continuous on [a, b] and ¢ is stri:tly increas;;? on [, b] and
\is an inverse function of ¢, then prove that £ f(x)dx = Q({])f(\u(g)) dy(@)” 5
c) Define function of bounded variation letfand g bg function of bounded'va‘riation -
on [a, b]. Show that f + g and f.g are also functions of bounded variation.

P.T.O



PG-143
LU ]

4. a) Define uniform convergence of a sequence of functions {t_(x)} on [a. b]
s {f .

State and prove Cauchy's criterion for uniform convergence of f (x)on [a, b) [
o . b].
b) Show that for -1 < x < 1, the series 1 +_£§_ + 4"3 . .1
. THX 14 x2 1, x4 T ey 4
¢) Test for uniform convergence of the sequence [tan~"(nx)] on [a, b] 4

S. a) Suppose f, — funiformly on [a, b]and if X € [a, b] such that |im f(x) = an
X->»X(

for n=1,23,.... Then prove that
) {a,} converges

i) lim fa(x) = lim  lim f.(x). |
X—=Xg : ) N—>® X—Xq n(X) ’

b) Let {f (x)} be a Séquence of functions uniformly convergent to f(x) on [a, b]
and each fn(x) € R[a, b]. Then prove that f(x) € R [a, b]. Also prove

N—o0

lim | f(t)dt = [f(tdt vx e[a, b]. 5

a

= —ny?
c) Showthat > nxe™™" converges doint-wise and not uniformly on
n=1
[0.4], k > 0. 4

6. a) IfAisasub-setof IR. Thenprave that the following statements are equivalent.
i) Ais closed and boundéd
i) Ais compact
iii) A is countably compact.
b) Prove that any infinite bounded subset of IR has a limit point in RX. 6

7. a) Let'E’be anopensubsetof R"andf: E —> R" be a differentiable function at
Xy € E. Then prove that f is continuous at x, and f'(xq) is unique. 6

b) Let ‘E’ be an open subset of R" and f: E — R" be differentiable at a point
X € E. Let F be an open subset of R" containing E and g : F — RX be
differentiable at f(x,). If ¢ = g f: E — R¥, then prove that ¢ is differentiable
atxq e E and ¢'(xo) = g'(f(xo)) < '(xo).

c) LetT:R" -, R™be a mapping with T= (T, T,, ..., T.). Prove that ‘T' i
linear transformation if and only if T(i=1,2, .. ., m) are linear transformations. 2

8. State and prove the inverse function theorem. 14
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| Semester M.Sc. Examination, January 2017
(CBCS)
MATHEMATICS
M102T : Real Analysis

Time : 3 Hours Max. Marks - 70

Instructions : 1) Answer any five questions.
2) All questions carry equal marks.

X
1. a) Evaluate [xd{[x]} where [x]is the maximum integer function. 4
0

b b b
b) Iff € R[a]on [a, b], then prove that [f do = [fda = [f da =% [a(b) = a(a)],
a a

a

where j e [m, M].

| c) If P*is a refinement of partition P of [4, b], then show that
L(P,f,a)<L(P,f o)< UP, L a)Y<U(P T o)

2. a) Assuming f(x) is monotonic en [ab] and « (x) is monotonically increasing
and continuous functions/on [a, b], prove thatf € R[a ] on [a, b].

b) Iff e R[a]on [a, b], f € [MyM]and ¢ is continuous function of f on [m, M]

then prove that ¢ (f(x)) e R [a] on [a, b].

5
c) Evaluate J x*d { [x]-x },
0

a) Consider the functions B4(x) and B,(x) defined as follows :

0 whenx<0
Bs(x) = 1 whenx>0

0 whenx<0
B2(¥) =11 whenx>0

verify whether ,(x) e R [ B,(x)] on [=1, 1} PTO.




(AN T

PG - 382 2-
b) State and prove fundamental theorem of integral calculus. 3
c) Calculate the total variation function of f(x) = x — [x] on [0, 2], where [x] is the
4

), minimum integral function.

4. a) Define uniform convergence of sequences and series of functions. State
Weirstrauss M-test for uniform convergence for infinite series

anx)onab]

n=1

b) Test for uniform convergence of the following :

- . fix ,
% i) {‘—75} for x € [0, 1].

1+n°x

i) {nxe“""z } for any real x.
i) 2 (1=x)x" forx e [0, 1]
N=

5 a) lf {f.,(x)} is uniformly convergent to f(x).on [a, b] and each f.(x) is continuous
on [a, b] then prove that f(x) is continggus on [a, b].

b) Let{f_(x)} be a sequence of fnctions uniformly convergent to f(x) on [a, b]
and each f_(x) € R (a, b].‘Rrove the following :

i) f(x) € R [a, b],

||)ILtf di= Ltjf

n—o n ey

Define a k-cellin RX. Letl; o1, I3 > .... be a sequence of k-cells in RX,

Show that Q h#0.
n=

State and prove Heine-Borel theorem.
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7. a) LetE ¢ R"be anopen setandf: - E _y R™ IS a map. Prove that if { i

continuously differentiable if and only if the partial derivatives le, exists and
are continuousonEfort <i<m 1 <j<n.

7

b) If Ty, T, e L (R", R™M), then prove that

) | T+ T < T T

.. 4

i) T ={al] T
c) Letf:[a, b] - RK f=(f,f, ..., 1), fis differentiable iff each f;is \

differentiable.

14

8. State and prove the implicit function theorem,
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Instructions : 1) Answer any five questions.
2) All questions carry equal marks.

1. a) Show that x® ¢R [xz] on [0, 1].
v

b) If f(x) € R [a(x)] on [a, b] then prove that ~f(x) e R [a(x)] on [a, b].

c) If f(x)e R [a(x)] on [a, b] and |f|<M, then prove that

JtlaasMis) - o), o529

2. a) If feR[a] on[a, bl and ¢ e R*, therrprove that ¢ f R[] on [a, b].

b) If f(x) is continuous on [a, b], &(x)"b& monotonic on [a, b], then prove that

ffda =f(b) a(b) - f(a) a(@)—alg)[f(b) - f(@)], where & e (a,b).
m a ' b b

&) If f, f, e Rla] on [a, b] and f; < f,, then show that [f, da. < ftdac. (4+6+4)

a a

3. a) Letfbe Riemann integrable on [a, b]and et F(x)= [f(t)dt, where a<x<b.
- a

Then prove that F is continuous on [a, b]. Further, show that{(t) is continuous

at a point x, on [a, b]. Then F is differentiable at xy and F'(x) = f(Xo)-
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o 4 (;I’i)m 0 S (P, f, a) exists, then show that fe R[a] on [a, b] and
uip)—

b
uﬁ!']qo S (pi fr (1)= !f dﬂ.

c) Given two functions f and g of bounded variation on [a, b]. Show thatf + g
and f.g are also of bounded variation. (T+443

4. a) Let{f (x)) be a sequence of functions converges to f(x) defined on {a, b] and

M, = Sup |1,(x)-1(x)|. Then prove that {f,(x)} converges to f(x) uniformly o

!tllb
on(a b]ifandonly if M, -» Oas n—> >,

b) Show that | e '“} is uniformly convergent on (a, b].

a

¢) For an infinite series of continuous functi {,(x) that converges uniformly

n=1
to f(x) on [a, b], show that f(x) i:c@uous on [a, b].

]and Y_M, of positive reals, is convergent,

5. a) If|t,,(x)'<Mn,VneN,§
n=1

then prove that Zf.-.(x) is uniformly convergent on (a, b]. .

n=1

(6+4+4)

b) Show that Y nx e-™ converges point-wise and not uniformly on [0, k],
n=1

k>0.

c) Let §t,(x) be an infinite series of functions uniformly convergent to f(x) on

n=0

[a, b) and each {,(x) e R [a, b] then prove that f(x)e R [a, b]. Also prove that

\

J ’;t)_,,m S e (5441

ain= nﬂku
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6. a) State and prove the Hiene-Borel theorem
b) Define a k-cell prove that every k-cell is compact (7+7)
. +

7.a) S
) U'Dpose f maps an open set E « R" into R™, and f is differentiable at a
point x € E. Then the partial derivatives (D;f) (x) exist, and

m

f'(x) &= 2(D; 1) (x) (w). (1<i<n).

=1
b) If TeL (R", R™), then | T | < 0 and T is uniformly continuous mapping of

R" onto R™.
ete metric space X, then prove that

c) f¢:X>Xisa contraction on acompl
(5+4+5)

¢ has a unique fixed point.
8. State and prove the implicit function theorem. 14

— e ——————



