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| Semester M.Sc. Degree Examination, Jan. 2016
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MATHEMATICS
M101T : Algebra - |
Time : 3 Hours Max. Marks : 70

Ins 7 ;
tructions - 1) Answerany 5 questions.
2) All questions carry equal marks.
1. a) Define -
i) Symmetric group S
. n‘
II) Alternating gr0up A
-

Show that S%‘ ~ {1,_1}

b) Show that T -
G is abelian. — G defined by T(x) = x~! is an automorphism if and only if

¢) Show that for eve e i
ry grou m i
appropriate S. . group is isomorphic to asubgroup of A(S) for some _—

2. a) 'c;?éxf)-":bg( g);gl;?agr&t;i and S is afinite’G-set. If xes then show that
b) By using generator-relator formof S3.
S, is @ symmetric group.
c) ‘lf 0(G) =p", where p is a prime&’number, prove that Z(G) #{e}, where ‘e'isan
identity of G. Deduce that every group of order p2 is abelian. (4+4+6)

Verify the class equation of S,, where

3. /a} Show that the number of p-sylow subgroups of G, for a given prime, is

congruent to 1 modulo p.
b) Let G be a group of order pq, where p and q are primes with p < q and

q=1(mod p). Then show that G is non-abelian.
(6+4+4)

) Show that every group of order 112,132 is abelian.

4. a) Define a simple group. Show that a group of order 28 is solvable but not
simple. '

_b) State and prove the Jordan-Holder theorem. (4+10)
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}. Prove that
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5. ) If U is an ideal of a ring R, let [R:U]={xeR:rx eUVre
[R: Ulis an ideal of R containing U. oy f
~b) Show that the homomorphism ¢ of R onto R’ is an isomotphlc if an

Ker ¢ ={0}.

b b : i 4+4+6
- ©) State and prove the fundamental theorem of homomorphism forrings. = ( )

6. a) Show that a ring Z of integers is a principle ideal ring. .
_b) Define a maximal ideal of a ring R. If R is a commutative ring with unity and

, , , + R
Mis an ideal of R, then show that M is a maximal ideal of R if and only if A/I e

is a field. |
) Show that the quotient field is the smallest field containing D, where D is an
integral domain. ‘ (4+6+4)

7. @A) Define an euclidean ring. Let x = a + ib Y= C + id be any two elements in
Z[i] - {0}. then prove that it is an euclidéan ring. ‘

b) Let R be an euclidean ring. Shoy-thatarly ideal A = (a ) is maximal ideal in R
if and only if a is a prime elerrent of R. '

€) If p is a prime number of thgarm 4n + 1, then show that x2 = —1 (mod p)
_ (5+5+4)

-—

a) Prove that deg (fg) = deg (f) + deg (g) for f, g € R[x].
Further, if R is an integral domain, then show that R[x] is also an integral e

domain.
b) State and prove the Euclid’s algorithm for polynomials over a field.
Verify that A

i ' 2 ZX].
c) LetA=(x?+x+1)bean ideal generated by X% +x + 1 e Z5X] e

is a maximal ideal in Z,[x].
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Instructi
o .
ns . ; j gnswer any 5 questions
I questions carry equél marks.

1. a) Let
$: GG b

subgroup of G € a homomorphism with Kernel K and let N be 2 normal

G a L : i S

b) P nd N={ geG :4(g)<N}. Prove that G|N=G|N.

rove that (G)=G .
=G/ Z(Q), wh _ _ |

G andZ (G) is the cen(tre) 0‘:‘VG.ere | (G) is a group of inner automorphisms of

c) Compute the gr
0
that the auton?or u:' Aut (K,), where K, is the Klein's 4-group. Hence illustrate
PhiSM group of an abeliargroup need not be abelian. (5+4+5)

2.
a) State and prove the Cauchy-Frobenifis Lemma.

b) Derive the class equation for finite/groups.
(5+5+4)

Provg that every group of ofder\p?, for a prime p is abelian.
Show that all p-sylow subgroijps of a finite group are conjugate to each other.

Show that the number of p-sylow subgroup of n, of G is of the form n; =1

(modp).
Show that every group of order 15is cyclic. (6+6+2)
Show that a normal subgroup N of G is maximal if and only if the quotient

group G|N is simple.
omposition

b) If a group G has a composition series, then show that all its C
-
series are pairwise equivalent.

) Definea solvable group. Show that sym

o _i'simpie.

metric group S418 solvable, butnot
(5+6+3)
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5. a) Definei
— e Integral : : s
a field. gral domain and a field P. Prove that every finite intedra! domain s
‘b) LetRbe .
/ a commutative ring with unity whose ideals are (0yand R only. Prove

that R is a field.
_Prove

) LetU be the i -
left ideal of a ring R and X(U):{ xeR:xu=0 for all ueU}
(6+4+48)

that A (U) is an ideal of R.

6. a) Define princi 5 ‘
Ee pal ideal of a rin - i sis a
principal ideal ring. ing R. Show that the ring Z of all integer
7 . :
b) Let R be an integral domain with ideal P. Show that P is a principal ideal of R (b

if and only if R|p is an integral domain.
ent

% cﬁ Show that any two isomorphic integral demains have isomorphic quoti
fields. 3. (4+5+5)

D
X
\ .
A

(N
7. (a) Show that every field is an Fuclidean ring.
e non-zero with ‘o’ non-unit. Then

/b) Let R be an Euclidean ring anda,beRD
prove that d (a) < d (ab).

c) If pis aprime number of the form 4n + 1, prove that p = a2 + b2 for some
integers ‘a’ and ‘D’ (4+4+6)

hen show that F [x]is nota field.

Eisenstein criterion for irreducibility of a polynomial.

be an ideal generated by x%+x+1€Zp ). Verify

8. a) If F is a field, 1
b) State and prove

c) LetA = (x2+x+1)

A is a maximal ideal in z, [X]-

that
(4+5+5)

{
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ons ; 21 )) Answer any 5 questions
All questions carry equal marks.

1. a) Let¢: G- G
-G — G beanepi :
epimorphism with Kernel K and let N be a normal subgroup

of G. Then prove that —:;ﬁ =G/
i

b) ShowthatT:G
: : G — G defi \
is abelian. defined by T(x) = '8"ah automorphism if and only if G

c) Stat : :
) e and prove the Cayley’s théorem for finite groups. (5+4+5)

2. a) State and prove the orbit-stabilizer theorem.

b) Derive the class equati‘bn v'f“c;ri‘inite groups.

c) Define a p-group. If G is a finite group of prime power order. Prove that G has
(5+5+4)

a non-trivial center.

' 3. a) State and prove the Sylow first theorem.
where pandgare distinct primes withp <Q andq
belian and cyclic.

p. Prove that every subgroup of a s

b) LetQ(G)=Ppa, £ 1(mod p).
(8+6)

Then prove that Gisa
olvable group is

4. a) Define a solvable grou

solvable.
Holder theorem.
(#+7+3)

~ p) Stateand prove the Jordan-
olvable.

c) Show that symmetric group S 418 solvable, but not s
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o only two left ideals, then

AMOVE that s a diviron 1ing
MU wa ¢ '
0 wleal of a g 11, let l}‘ \ “] [ ‘Xl: R e UV re R} Prove that

LNULRY
U s an keal of i containing U,

Let R and R -
G be Hinge and ¢ is a homomorphism of R onto R’ with Kernel U.
(5+4+5)

Then show that R’ - Hl
)
Letine a p
: maeipal ides . ' | |
Dyte & prin ,:,,\: &,d(w and principal uiea‘l ring. Prove that every field is a

Detine m
e maximal ideal of ¢
and M s an idn-\:‘:;‘::m aring. It R is a commutative ring with unit element
{ . then show that M is a maximal ideal of R if and only if -

Ry is a field,
Prove that i :
ideal. thatin a principal ideal ring, n-zero prime ideal is maximal

(5+6+3)

Define an eucliad i
De an e ean rng. Lt X=a +ib,y=c +i [
Z[i] - {0} then prove that i ucl\dea'nyring 10 be any two elemerts

Show that every Eucl@ ring is a principle ideal ring.

State and prove the unique factorization theorem.
+ deg(q) for f, G € Rix]. Further, it Ris anintegral
]is also an integral domain.

(5+4+5)

Prove that deg(fg) = deg(!)
domain, then show that R[x

primitive polynomial.

ng

the product of two primitive polynomials is @
-2x-1¢€ Q[x]is irreducible polynomial, by usi
(5+5+4)

Show that

Verify that f(x) = x3 + X2
Eisenstein critena.




